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Abstract, Two theorems are proved. In the first properties of an important mapping from
an orthocomplemented lattice to itself are studied. In the second we extend the character-
isation theorem of Zierler to get a very useful theorem characterising orthomodular lattices.
Since quantum logics are merely o-complete orthomodular lattices, our principal result is,
for application in quantum physics, a characterisation theorem for quantum logics.

1. Introduction

Formal quantum theories defined on both Hilbert spaces and C*-algebras have their
foundations built on quantum logics (for a full discussion see Mukherjee 1977).
Varadarajan (1968) and numerous other workers have studied quantum logics in
considerable detail. In this paper we prove a characterisation theorem which sums up
very neatly almost all the important properties of quantum logics. On our way to
proving this theorem, we study the properties of an important mapping from an
orthocomplemented lattice to itself. A number of related results are also proved in the
form of lemmas and corollaries.

2. Formalities
We use the following definitions and notation:

Definition 1. A lattice is a partially ordered set (a partially ordered set is hereafter called
a poset for brevity), in which any two elements, say a and b, have both a least upper
bound called the join of the two elements denoted by a v b and a greatest lower bound
called the meet of the two elements and denoted by a A b. If S is a subset of a lattice,
then the join and the meet of the subset if they exist are denoted by vS§ and A S
respectively. A lattice is said to be complete if every subset S of the lattice has both a
join and a meet. A lattice is said to be o-complete if every countable subset of the lattice
has both a join and a meet.

Definition 2. A lattice L is said to have a universal upper bound (universal lower bound)
if v L(AL)existsin L, in which case it is denoted by I(O):

Definition 3. A lattice L with universal bounds I and O is called a complemented lattice
if for each a € L, there exists an a’ € L such that

ava'=1I and ana' =0.
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Definition 4. A complemented lattice is called orthocomplemented if the complementa-
tion a —a’ satisfies the following further requirements:

(aY=a VaelL
and

asb=>b'=sa’.

Definition 5. An order-reversing bijection from a lattice to itself is called a dual
automorphism of the lattice.

Throughout this work we use the symbol => to denote ‘implies’. In particular P= Q
means that whenever P is true, so also is Q.

We expect the reader to be familiar with the following lernma (a proof can be found
in McLane and Birkhoff 1967).

Lemma 2.1. Every lattice L has the following properties:

Idempotent:

ava=a;ana=a VaelL
Commutative:

avb=bva;anb=bnra Va,beL
Associative:

(avb)ve=av(bvc),(anb)rc=anr(bnac) Va,b,ceL
Absorption:

a=avianb)=an(avb) Va,belL
Consistency:

asb&anrb=aandavb=>b VYa,belL
Isotone:

bsc=Davb=savcandaab=sanac Va,b,cel

Distributive inequalities:

an(bvc)=(anb)v(anrc)

av(bac)s(avb)a(ave) vabcel
Modular inequality:
asc>avibac)s(avb)ac Va,b,celL.

We can now define:

Definition 6. A lattice L is said to be distributive if the distributive inequalities are strict
equalities in it.

Definition 7. A lattice L is said to be modular if the modular inequality is a strict
equality in it.
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Definition 8. A map :L — L is called a join morphism on L if
vlavb)=yla)vyb) Va,bel.

If in addition L has a universal lower bound and
rg(L)= 0,

¢ is called a hemimorphism on L.

’

Lemma 2.2. In an orthocomplemented lattice L the complementation ' is a dual

automorphism of L.

Proof. Leta’=b'. Then (a') =a = (b') = b. Thus' is injective.

Since a =(a')YVae L, is surjective.

Letavb=c. Thena<scandbsc=>a'=c'andb'=c'>c'sa’arb’, thatis,{(avb) =<
a'ab’.

Leta' nb’'=d. Thend<a'andd<sb'>asd andbsd' >(avb)sd'>d=a'rb's
(avb).

Hence (avb)=a'ab'.

Similarly (@ Ab) =a'vb'.

This completes the proof.

Corollary 2.2.1. LetL be an orthocomplemented lattice. LetS be asubsetof L. Then
(i) vS exists implies AS’ exists (where S'={x": x € §} and

(vS)' = AS".
(i) AS exists implies vS’ exists and

(AS) =vS".

Proof. Suppose vS exists and vS§ =c¢. Thisimpliessx<c VxeS>c'sx'VxeS>Dc's
AS'.
Letd bealowerboundforS’. Thend sx'Vx' €S’ xsd'VxeS>c=vSsd'>d=<

!

C.

Thus ¢’ is a lower bound for §’ which is greater than or equal to every lower bound for
S’. Hence ¢’ is the meet of S". Thus AS’ exists and

AS'=(vS)".

The proof of (ii) is similar. We are finished.

Corollary 2.2.2. Lety:L, - L,be adualisomorphism. Let S be asubsetof L,. Then
(i) the existence of either vS or A¢(S) implies the existence of both and

VS = ag(S);
(i) the existence of either AS or v¢(S) implies the existence of both and
AS = vi(S).

Proof. The proof is exactly similar to that of the preceding corollary.
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3. The two theorems

Throughout this section L denotes an orthocomplemented lattice. Let ceL. The
mapping L - L defined by x+—(x v¢') Ac plays a very important part in the theory of
quantum logics and in particular their relationship to Baer *-semigroups (Foulis
1960). In the first theorem we collect together the important properties of this mapping.

Theorem 3.1. Let L be an orthocomplemented lattice. Let ceL. Then ¢.:L ->L
defined by ¢.(x) = (x v ¢’) A ¢ has the following properties:

i) #(0)=0,

(i)} @c° b =,

(ili) xel.={xxel&Osx=sc}>x<s¢d.(x),
x"A(¢c(x))= 0O and x" Ac = (¢ (x)) rc,

(iv) asufficient condition that ¢, is a hemimorphism on L is that
x€L.>x ' Ace¢.(L)and

(v) anecessary condition that ¢, is a hemimorphism on L is that

¢ =@ (x)v{{¢e(x)) Ac)=c(x) v (x).

Proof. (i) ¢.(0)=(Ovc')ac=c'rc=0.

(ii) LetxeL andleth =¢.(x)=(x vc') rc.
Thenh<sxvc'Dhve'sxve'thveIacs{xve)ac=h.
On the other hand

hshvc' and hsc>hs(hvc)ac.
Hence ¢, ° ¢.(x) = ¢.(x) Vx €L, or in other words
b ° e = P
(i) xeL.o>xscpxs(xvc)rc=¢.(x)=h.
xX'Apx)=x'Alxve)rc=(x'rc)alxve )= aAc)alx ac) =0.
hsxve'Dhve'sxve,butxshxve'shvc'
Hence x ve'=hvce'x ' ac=h"nec=(¢.(x)) rc.

(iv)LetxgL.>x'Aced.(L).
Then if x& L., there exists a z € L such that

dc(z)=x"nc(x'Ac)ve)Ac=¢cod.(z)=d(z)=x"Arc.
In view of (iii) above we have Vx €L,
x'ac={x"'ac)vc)nc:

Nowletg = .(x) v (y)=(x vc)ac)v((yve)ac)sxvyve)rc=¢.(x vy).
Hence (x velncsgg's(x’'ac)ve' (g velacs((x'ac)vec)rc=x"nrc.
Similarly (g’'ve)acsy' ac.
Hence (g'vc)ncsx'any' ac(gnrc)ve'zxvyve'((grc)ve)ac=gnc=
(xvyvehac>g=garc=(xvyvc)ac.
Hence ¢.(x vy)=d.(x) v o (y).

(v) Let ¢. be a hemimorphism. Then

b (xvx)=(xvx'vchac=(Ivc)rc=c=e¢(x) VP (x).
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Let ¢.(x)=h,then ¢ (hvh)=c = (h) v (h) = °dc(x)v((h'vc')nc).
But ¢, cp.(x)=d.(x)=h,andhsc>c'sh'Sh've'=h'.
Hencec=hv(h'ac)=¢.(x)vd.(x).

This completes the proof of our theorem.

Remark 3.1.1. We shall soon see that in a quantum logic
xeL.x=¢.x)=xvc)Ac

and
c={(P(c)) =(c'vx)ax)=xv(crx').

Now the preceding theorem tells us that in any orthocomplemented lattice
xeL.x<¢.(x),c=d.(x)v(x'rc)

and x' A ¢.(x) = O, provided
x€L.>x'ace¢.(L).

If the orthocomplemented lattice has the property that
a<b and a'Ab=0>a=b,

then we will have ¢.(x) = x and ¢ = x v (x" A ¢), in other words, our orthocomplemented
lattice, if o-complete, will become a quantum logic. Thus we have rediscovered a
definitive property of quantum logics given by Zierler (1961). In doing so we had to
assume that the orthocomplemented lattice satisfied the sufficient condition that ¢, is a
hemimorphism. It is easy to see that this condition implies that L. = ¢.(L) and if this
new condition is satisfied for every ceL, our orthocomplemented lattice, if o-
complete, is a quantum logic. We thus have a new definitive property of a quantum
logic. We collect together all the definitive properties of an orthomodular lattice in our
next theorem.

Theorem 3.2. An orthocomplemented lattice L is said to be orthomodular or weakly
modular if it has anyone and, therefore, everyone of the following properties:

(1) a,beL andasb>av(a’ anb)=b.

(i) a,beL andasb=>3Icel suchthatc<a'andavc=b.

(iii) a,belL,asbanda’'rb=0>b=a.

(iv) L.=¢.(L)Vcel.

(v) a,b,cel,ascandbsc'>>(@vb)rc=a.

(viy a,b,cel,ascandasb'>(@avb)ac=av(bnc).

Proof. We shall first prove the equivalence of the first five by proving (i) = (i1) > (iil) >
(iv)=> (v)> (i). Then we shall prove that (iii) and (v)=> (vi)= (iv), thus completing the
proof.

Proof of (i) (ii): Take c =a’'ab, clearlyc<a'and a vc = b.

Proof of (ii) = (iii): From (ii) there exists a ¢ <a’ such thata vc =b.
Clearlycsb>cab=c,butcab=<a’'ab=0>c=0>b=avc=avO=a.
Proof of (iii)=> (iv): From Theorem 3.1aecL.>a<d¢.(a) and a’ r¢.(a) = O.

Hence from (jii) a = ¢.(a) > L. < ¢.(L).
ButxelL=>¢.(x)=(xvchrcscp¢.(L)=L..

Thus L. =¢. (L) YVc e L.
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Proof of (iv)=>(v): L, =¢.(L)=>if a<c, then there is an element d € L such that
a= d’c(d):d’c(a) = ¢c ° d)c(d) = d)c(d) =a, that is

a=(avc)nc.

If in addition b<c¢’,then (avb) Ac<(avc')ac =a. On the other hand a <a v b and
asc>a<(avb)arc. Thus(avb)ac=a.

Proof of V)= ():asb=>b'<sa’anda<a’"=a>('va)ra’'=b'>b=av(a'rb).
Proof of (iii) and (v)=> (vi): Let a <¢ and a <b’. From modular inequality

avibac)s(avb)ac.
But
(avibac)) alavb)ac
=a’'ab'velnlavb)ac=B'vea(lavb)aa)ac
=b'vcYabac)=0,

where we have used (v) in deducing that (a vb)ra'=b.
Henceav(brc)=(avb)ac.

Proof of (vi)=> (iv): By taking b = ¢’ in (vi) we see that a <¢ and a b’ = are the same
condition and both are satisfied, hence

{avc)Yrnc=avic'acy=avO=a.

This finally completes the proof of our theorem.

Remark 3.2.0. Theorem 3.2 being a characterisation theorem looks partly like a
definition and indeed it 'gives six equivalent definitions of an orthomodular lattice and
proves the equivalence of the different definitions.

Definition 9. A o-complete orthomodular lattice is called a quantum logic.
Corollary 3.2.1. ¢ which exists by virtue of theorem 3.2(ii) is unique.

Proof. avc=>b and csa’'>c=sa’'ab,but c’'ra’'ab=(@vc)rb=b'ab=0>c=
a’ ab. Thus ¢ is uniquely determined by the last equality and we are finished.

Corollary 3.2.2. 1et L be a weakly modular orthocomplemented lattice. Then
Lla,b]={x:xeL&a<x=<b} is a weakly modular orthocomplemented lattice with
universal bounds a and b in which the orthocomplementation X : x —x ™ is defined by
x“=av(x'ab)=(avx')ab whereis the orthocomplementation in L.

Proof. That a, b are universal bounds in L[a, b] is clear from the definition of L[a, b].
NowxeL[a,b]l=>av(x'ab)y=(avx')rbbecause a <b anda <(x') = x and theorem
3.2(vi) applies.

We now prove that x, yeL[a,bl, x<y=>y=xv{(x“Ay).
x*Ay=(avx')abry=(avx)ay=av(x'ay) by theorem 3.2(vi).
Hence x v(x“Ay)=xvav{x'ay)=xv(x'Ay)=y by theorem 3.2(i).
Thus the corollary follows from theorem 3.2(i).
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Remark 3.2.3. Our theorem with corollaries proves with substantially greater ease the
properties established in Varadarajan (1968, § 1 of chap. 6) and much more.

Remark 3.2.4. A somewhat weaker sufficient condition that ¢. of theorem 3.1 is a
hemimorphism is as follows:

xelL UL.>xArc' ed (L) and y,z€¢.(L)Y>yvzedAL).

The proof is very similar to that given in theorem 3.1. We note that an orthocomp-
lemented lattice satisfying the sufficient condition of theorem 3.1 is weakly modular
whereas one satisfying the condition given above may not be so.
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